Lumping Coupled Nonlinear Reactions

in Continuous Mixtures

A lumping procedure proposed previously is applied to two types of
continuous reaction mixtures: one in which the constituents undergo
reactions of a Langmuir-Hinshelwood (LH) type, the other in which the
constituents undergo reactions of a bimolecular type. it is shown that
both mixtures initially can behave qualitatively like lumped first-order
reactions. At large times, the behavior of the lumps can be described by
power law kinetics, with the bimolecular lump displaying a higher overali
reaction order. In particular, if the feed contains a nonzero amount of
unconvertible species, the LH lump at large times decays at a second-
order rate, whereas the bimolecular lump decays at a third-order rate.
To complement the asymptotic results, expressions describing the
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behavior of the lumps at any time are derived.

Introduction

Due to its practical importance, the subject of lumping a large
number of reactions has received considerable attention (Week-
man, 1979, and references therein; Li, 1984; Coxson and
Bischoff, 1987a,b; Ho and Aris, 1987; Astarita and Ocone,
1988; Chou and Ho, 1988). In a previous paper we proposed a
procedure for lumping nonlinear reactions in continuous mix-
tures. The focus there was on independent reactions (for
instance, parallel nth-order reactions).

Astarita and Ocone have recently treated a similar problem
but dealt with coupled reactions. As a prototype of coupled non-
linear kinetics, they considered reactions of a Langmuir-Hin-
shelwood type and of a bimolecular type. They showed that
lumping of these kinetics has a mathematical structure qualita-
tively similar to that of lumping of first-order kinetics. The new
feature is that the behavior of the lump is governed by function-
al-differential equations. The possibility of expanding the func-
tionals into a series of integrals was also explored.

In this study we apply the lumping procedure proposed previ-
ously (Chou and Ho, 1988) to the two types of reaction mixtures
considered by Astarita and Ocone. Our intent is to gain some
additional insights into the behavior of these two kinetically
complex mixtures. Specifically, we consider the following iso-
thermal closed system containing N different types of reactants

dc; N
Et— = —kicif(?; chj) (1)
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where ¢; is the concentration of reactant i, and f is a function of
23X, K;c;. The sum is over all reactants. Admittedly, kinetics of
this type is rather restrictive in that the function f has the same
value for all reactants and depends only on the weighted sum of
all concentrations, and that the reactions are irreversible. De-
spite these restrictions, we believe the problem is worth investi-
gating because it should provide some qualitative insights into
the behavior of more complex systems.

The specific form of f depends on the reaction chemistry
involved. We shall consider two simple model systems. One is a
Langmuir-Hinshelwood (LH) kinetic model for which f is

1

f=——F 2
1+ Z K¢
j=1
The other is a bimolecular reaction system with
N
f=2_ Ky 3

We shall lump the above reactions by treating the system as a
continuum. We show that an apparent kinetics can be derived
for the lump (or macroscopic observer) under certain circum-
stances. Where appropriate, we shali compare and contrast our
results with prior results for mixtures of parallel first-order reac-
tions (Aris, 1968; Krambeck, 1984); we do so because the prob-
lem at hand may be viewed as that of determining the influence
of f on the behavior of first-order reaction mixtures.
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General Considerations

Discrete description

Equation 1 indicates that we are dealing with a multipara-
meter system, for k; and K; may both vary (nonlinearly) from
species to species. This is analogous to the reversible reactions
considered by Chou and Ho (1988). Without loss of generality,
we can arrange the sequence of k; in such a way that &, > k; for
i> j. (The case where k; = k; for i > j has been discussed by
Chou and Ho.) Once this is done, the sequence of K is also spec-
ified. In other words, K; bears a fixed relation to i, and K; may or
may not be greater than K, for i > j. The k; vs. / and K vs. i
relations allow us to determine how the K’s are related to the
k;s. The concentration of the reactant lump is simply the sum
over individual concentrations

N
c@) = Z (1) 4

i=1

The concentration of the reactant lump in the feed is C(0).

Continuum description

The basic premise in lumping continuous reactions is that one
can always pick a continuous variable to label the reacting spe-
cies (Aris and Gavalas, 1966). For convenience and without loss
of generality, we choose k as the label and K naturally should be
treated as a function of k. If, for certain mixtures, & is not a good
choice, we can always use another convenient label to define the
mixture (Chou and Ho, 1988). To approximate Eq. 4 by an
integral, according to Chou and Ho (1988), we write

C() = fo " e(k, 0)D(k) dk (5)

where c(k, 1) is a well-behaved function which takes the value of
¢;(t) at point k;. D(k) is a reactant-type distribution function
which ensures that Eq. 5 closely approximates Eq. 4. Mathe-
matically, D may be regarded as the Jacobian of the discrete-
to-continuum coordinate transform. Physically, D(k)dk is the
total number of reactant types with rate constants between k
and k + dk. The D function can be used to calculate other prop-
erties of the continuous mixture. A detailed discussion of the
physical significance of this function can be found elsewhere
(Chou and Ho, 1988).

Note that C(f) = C(0) where C(0) is the total reactant con-
centration in the feed and is given by

C(0) - f * e(k, 0)D(k) dk (6)

Of course, we must assume that c(k, 0)D (k) is of such a form
that the above integral exists and is finite. Note that here we
consider only the case of the reactant label £ going to infinity in
the lumping integral. As discussed by Chou and Ho (1988), this
may be an oversimplification of physical reality in some cases,
but it simplifies the mathematics considerably. Shibata et al.
{1987) have lumped continuous mixtures by finite integral and
compared the results with those obtained by improper integral.
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Similarly, we can approximate the coupling term Z; Kc; by
an integral of the form

f " K(k)e(k, )D (k) dk (7N
0

Again, we need to assume that the integrand is of such a form as
to ensure the integrability of Eq. 7.

General behavior of the lumps

To satisfy the requirement of coordinate invariance (Chou
and Ho, 1988), we rewrite Eq. 1 in the *“‘continuum coordinate”
as

de(k, 1)

. —ke(k, NF (8)

where F is a dimensionless, time-dependent function of the
form

F-F [ f “ K(k)e(k, )D(k) dk|> 0 )
0

Note that F is independent of k for the reaction mixtures con-
sidered here. (Recall that f is independent of i.) Also note that
F and f have the same analytic form but different arguments.

Paralleling the development of Astarita and Ocone (1988),
we obtain from Eq. 8 that

c(k, 1) = c(k, 0)e~*® (10)

where u(?) is defined as

u(t) = _[‘:7(:') dr (11)

Note that in the case of parallel first-order reactions, u = ¢.

The problem is now reduced to that of finding #(¢), a timelike
variable with #(0) = 0. For a given feed [i.e., given D(k),
c(k, 0), and K(k)], u(¢) can be obtained by solving the follow-
ing integro-differential equation

du(t)
dr

F [ f * K(k)c(k, 0)D(k)e™™ dk (12)
0
Once u(?) is obtained, the total concentration C is calculated as
c() = f * ¢(k, 0)D(Kk)e™ dk (13)
0

Hence, C represents the Laplace transform of ¢(k, 0)D(k) and
can be viewed as a function of u. Note also that the lumping
integral, Eq. 13, is structurally similar to that for first-order
reactions; in the latter case ¢ takes the place of u in Eq. 13.

For the Langmuir-Hinshelwood case,

du_g . ! (14)

dt 1+ f ® K(k)e(k, 0)D(k)e™ dk
()]

and du/dt is positive and increases monotonically as « increases.
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For the bimolecular case,
g f * K(k)e(k, 0)D(k)e™ dk (15)
dt o ’

and du/dt decreases as u increases. It can be shown for both
mixtures that ¥ and ¢ are one-to-one corresponding and that
u — o« as t — = and vice versa. The integral in Egs. 14 and 15
can be regarded as the Laplace transform of K(k)c(k, 0)D (k).

Asymptotic Kinetics at Large Times

The behavior of the lump after a long time can be determined
asymptotically because it is governed by the most refractory spe-
cies. Suppose that the feed mixture has a nonzero and finite
amount of virtually unconvertible species [i.e., c (0, 0)D(0) # 0
nor «J, the long-time behavior of the lump can be conveniently
seen by invoking the limiting-value theorem of the Laplace
transform. Accordingly, Eq. 13 is reduced to the following
form

(0, 0)D(0)

cO~—0

for large uor ¢ (16)

It immediately follows that

dc 1 du

— e ——————(? forl t 17
7 (0.0)D () dtC or large u or (17)

The time-dependent term du/dt comes from the coupling term
&F. In the case of first-order kinetics, du/df = 1.

We now need to obtain an asymptotic expression for du/dt at
large ¢. Again by the limiting-value theorem and using Eq. 16,
we obtain

f * K(k)e(k, 0)D (k)e™™ dk
0

~ wo—;—o—)ﬂ(—o—)— ~ K(0)C(t) forlargeuort (18)

To proceed further, we must specify the kinetics, as described
below.

LH mixtures
For large ¢ it is easily shown from Eqgs. 14 and 18 that

du ! “1
@ K(O)c(O; 0)D(0)

(19)

and from Eq. 17 that

dcC 1 )
—_— e ————— for 1 t 20

Z = T c,0po < forlaree (20)
Thus, as long as ¢(0, 0)D(0) # O nor « and K(0) is finite, the
lump at large ¢ will disappear at a second-order rate with an
effective rate constant of 1/¢(0,0)D(0)—regardless of the
forms of c(k, 0), P(k), and K (k). This behavior is identical to
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that of fumped first-order reactions (Krambeck, 1984). This is
to be expected because at large ¢ competitive adsorption no
longer plays a role. In other words, the coupling term F loses its
influence at large times; the problem naturally degenerates to
that of lumping first-order reactions.

It should be emphasized that the asymptotic second-order
kinetics is expected only after a long time. A follow-up question
then arises: How long do we have to wait before the system
attains the second-order rate? A partial answer to this question
is given below by means of an order-of-magnitude analysis.

Let z(k) = c(k, 0)D(k) have a McLaurin series; Eq. 13 can
be rewritten as

C() = f ® 2(k)e ™ dk
0
1 fmz(f)e-xdx
Uy u

© (m)
=%£mzz © e " dk

=0 mu™

B patil @)

me0 U

If z™(0) < MW™, this series converges for u > W. Retaining
only the first two terms, we obtain

_ZQ_)_ + f’_(?_) ’ (22)
u u

Clu(®] ~

Hence the system will attain the second-order rate when

z’(0)
z(0)

u>

(23)

To express the above inequality in terms of ¢, one needs to know
the functional dependence between u and t. Such a dependence
is highly system-dependent. We illustrate an example of the u-t
relation for a simple LH system in a later section.

Bimolecular reaction mixtures

As before, we need to estimate du/dt at large u or ¢. In con-
trast to the LH case, here the coupling term should have 2 signif-
icant effect on the lumped kinetics. From Eqs. 15 and 18, we see
that du/dt decays like K(0)C for large ¢. Equation 17 may thus
be rewritten as

d
—5 ~— E(—()?K%OD)—(E)- C? forlarget (24)
which is an apparent third-order reaction for the lump.

It should be pointed out that the foregoing system may well
serve as a qualitative probe of lumping of independent second-
order reactions. The latter is not amenable to the asymptotic
treatment described above (Chou and Ho, 1988). It has been
conjuctured that a continuum of independent second-order reac-
tions may plausibly display an overall order higher than two
(Chou and Ho, 1988).
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Kinetics at All Times

The investigation has so far been restricted to the limiting
case of large t and ¢(0, 0)D(0) # 0 nor «. But to determine the
behavior of the lump at all ¢ and to accommodate the case
¢(0, 0)D(0) = 0, we need to know a priori the shapes of c(k, 0),
D(k), and K (k). Let c(k, 0), D(k), and K (k) be described by
the foliowing functions

D(k) = gk’ (25)
c(k, 0) = pkreP* (26)
K (k) = Kkle "* n

To ensure the convergence of _/0‘ " D(k) dk, _/; " e(k, 0)D(k) dk,
and [[” K(k)c(k, 0)D (k) dk, we impose that

7> ~—1, a+n>-1, a+n+d6>—1

(>0, B+¢>0, B+{+7>0 (28)

Note that p and g are determined by certain requirements of
coordinate invariance (Chou and Ho, 1988). The total number
of reactants must remain invariant under the i-to-k coordinate
transform. The normalization constant q is then determined by

ql(n + 1)

ol (29)

N=_[°°D(k)dk=

Also, the total reactant concentration in the feed remains invar-
iant under the coordinate transform. By means of Egs. 6, 25, and
26, we find that

c(0) -

Pqi‘ "(u) (30)

where

p=a+n+1>0, v=8+7¢ 31
and I' is the gamma function. The normalization constant p can
then be determined from Egs. 29 and 30 as

m
_ C(O)F(? + 1w (32)
Ne™ T (p)
The functions represented by Eqs. 25-27 are simple and yet
versatile. Take the function in Eq. 25 as an example. It has an
absolute maximum at k = n/{. 7 and { measure the sharpness
and asymmetry of the distribution. When n = 0, one obtains an
exponential distribution and D(0) # O; that is, the mixture con-
tains unconvertible species. In the limits of  — « and { — o,
with n/{ — constant, the function becomes a delta function cen-
tered at /{.
Defining a dimensionless concentration U(f) = C(#)/C(0)
and substituting Eqs. 25-27 and 30 into Eq. 13 yields

00 -] 62
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It follows that

dU udu
@y RAM pavm 34
dt v dt (34)

Again, here we remark that du/dt = 1 for first-order kinetics.
We now wish to express du/dt in terms of U. The two kinetic
models are discussed individually below.

LH mixtures

Upon integration of Eq. 14 and with use of Egs. 25-27 and 33,
we obtain

du 1

— = 35)
T ~(u+9)
14+ (U“‘/“ + —)
v
where
=L{u + 9)
A= PqK—VT.:r— (36)

Substituting Eq. 35 into Eq. 34, we get the following overall
kinetics for the lumped LH mixture

dU L )
dr ") S
Y 1+x(u-'/“+z) ’

v

which looks quite different from the underlying LH kinetics.
This results from the fact that the constituent reactants can have
widely different reactivities and adsorptivities. Nevertheless,
Eq. 37 may be loosely regarded as consisting of a kinetic term
and an inhibition (adsorption) term. A closer connection can be
made with the underlying LH kinetics if we let the l[ump be
made up of species of equal adsorptivity. Then é = 7 = G, and Eq.
37 becomes

dU_ i
dt v

pasym
= (38)
1+ KC(O)U}

Thus, when reactants of equal adsorptivity are lumped together,
the apparent behavior of the lump can look like that of an LH
reaction with a higher apparent order. Of course, a limiting case
is where all the reactants have the same reactivity and adsorptiv-
ity. (The reactants are therefore kinetically indistinguishable.)
In this case D becomes a delta function, and the rate equation
for the lump degenerates to that for the individual reactant
(4 — = and p/v — constant in Eq. 38). This single-component
identity (Ho and Aris, 1988), while conceptually obvious, is cen-
tral to the working of any continuum lumping procedure.

As mentioned before, the lump of first-order reactions decays
at a power law rate with an overall order of 1 + 1/u and an
effective rate constant of u/v. To see how the rate represented by
Eq. 37 is related to the decay rate of the first-order case, we next
examine the asymptotic cases of small and large times.

During the initial stages of the reaction, the system is gov-
erned by a small amount of very reactive species. [Note that
c(k, 0) and D (k) both approach zero as k — «.] Due to an aver-
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aging effect, F would change slowly relative to changes in the
concentrations of those very reactive species. Thus, as a first
approximation, the individual reactions may be regarded as
pseudofirst-order. And the lump should behave in some way
similarly to the lump of first-order reactions.

Indeed, for small ¢ with u (#) « v [notice that u(0) = 0], we
obtain from Egs. 33 and 35 that

r\-k+8) |1
1+A(1+ ) =¢<1

14

du

2 (39)

And Eq. 34 gives the same overall order as in the first-order
case; that is,

du

o~ §¢U“+‘/“’ for small ¢ (40)

Note that ¢ is the minimum value of du/dt for ¢ > 0 and is
smaller than one. Hence, the initial effective rate constant is
lower than that for lumped first-order reactions. The slowness of
the initial rate is obviously the result of reactant inhibition and
competitive adsorption.

On the other hand, as alluded to earlier, at large ¢ the mixture
should behave like lumped first-order reactions. Specifically,
when ¢ is large enough so that u » », 7 and u*** » pgKT' (u + 6),
we have, by Egs. 33 and 35, that

du
— =1 41
7 (41)
Equation 34 then reduces to the familiar power law form for
lumped first-order reactions {Aris, 1968); that is,

U
‘—27 ~ -~ Eytem fortarget
14

(42)
When u > 1 {in this case, ¢(0, 0)D(0) = 0; i.¢., the feed contains
no refractory species], the overall reaction order is between one
and two at large times.

The overall reaction order for large times can be greater than
two in Eq. 42 when a + 5 < 0 (i.e., u < 1). This corresponds to a
feed that is predominantly composed of unconvertible species.
While theoretically insightful, this situation is not of much prac-
tical interest from the standpoint of catalyst and/or process
development: if the whole feed is unconvertible, then it should
deserve no attention.

The case o = n = 0 or u = 1 (exponential distributions) repre-
sents a more realizable situation. In this type of feed, the uncon-
vertible species has the highest but a finite concentration.
Substituting 4 = 1 in Eq. 42, one obtains the asymptotic second-
order kinetics as discussed earlier. We must emphasize that here
a second-order overall rate is predicted only for Jarge times. By
contrast, the overall order for lumped first-order reaction is two
at all times (Aris, 1968).

The ¢ = 1 case can be further simplified if weseta = =48 =
7 = 0. This simplification gives ¢ as a simple, explicit function of
u over 0 < u < . Specifically, from Egs. 30, 31, 33, 35, and 36,
one finds that

u
- -)
14

t=u+ vKC(0) In (43)
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Figure 1. The u-f relation for a simple Langmuir-Hinshel-
wood system.

It follows that that ¢/u is bounded over the entire domain 0 <
u < o that is,

t —
1<;51 + KC(0) (44)

Figure 1 plots ¢/u as a function of u/v for various values of
KC(0). With Eqgs. 43, 44, and 23, one can estimate the waiting
time for the system to attain the second-order rate.

Bimolecular reaction mixtures

Again, we let D(k), c(k, 0), and K(k) be described by the
functions shown in Egs. 25 to 27, respectively. We then obtain
the following expressions for the coupling term

du pgKU(u+8) [ _,.  7\-k+d

dt - phte U + v (45)
and for the overall kinetics

fi.l_] - — E)\ U—l/u + E s UU+im (46)

dt v v

where A is defined in Eq. 36.

If the lump is made up of species of equal bimolecular rate
constant K, then § = 7 = 0 in the above equations, and we
obtain

U _ _7,\yem

dt v “47)
That is, the decay of the lump can be exactly described by power
law kinetics at all times—with an overall order at least equal to
two. If we further let & = 4 = 0 (i.e., u = 1, exponential distribu-
tion), the lumped system behaves like a third-order reaction.
This is a special case of the results discussed in the preceding
section.
As in the LH case, the individual reactions initially may be
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regarded as pseudofirst-order. For small ¢ with u«(f) <« », we
have, from Eqgs. 33 and 45, that

du 7\~ (6+0)
— )\ - = 48
= (1 + ,,) ¥ (48)
and that
éd—(';[ ~ — Zyut+1™  for small t (49)
v

We thus obtain the same overall order as that for lumped first-
order reactions, but with a different effective rate constant.
Note that y is the maximum value of du/dt for t = 0.

On the other hand, for large ¢ such that #(¢) » vand u(f) » 7,
Eqgs. 33 and 45 yield

d_g ~ \ ﬁ et ~ )\U(Hﬁ/u) (50)
dt v
Therefore,
aw__ EAUBE+DM for large 1 (51)
dt v

which is a high-order power law kinetics. Whené =0and u = 1,
Eq. 51 reduces to the asymptotic third-order kinetics discussed
previously.

Conclusions

We have lumped two types of coupled nonlinear reactions in
continuous mixtures. In one case, the individual reactions are of
a Langmuir-Hinshelwood type, and in the other the individual
reactions are of a bimolecular type. The kinetic behaviors of the
reactant lumps under certain circumstances are examined. It is
shown that both lumps at small times can behave qualitatively
like the lump of first-order reactions with behavior that can be
described by power law kinetics. At large times, the behavior of
the lumps can also be described by power law kinetics, with the
bimolecular lump exhibiting a higher overall order. In particu-
lar, if the feed mixture contains a nonzero amount of virtually
unconvertible species, the Langmuir-Hinshelwood lump disap-
pears at a second-order rate, whereas the bimolecular lump dis-
appears at a third-order rate.

Expressions describing the kinetic behavior of these two
lumps at any time have also been derived. These expressions
bear little resemblance to those for individual reactants, unless
the lump is made of species of equal adsorptivity in the Lang-
muir-Hinshelwood case or of equal bimolecular rate constant in
the bimolecular case. These results may be useful to those who
are faced with the problems of selecting proper kinetic models
and/or lumps for complex reaction systems.
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Notation

C(t) = total concentration of reactants at time ¢
C(0) = total concentration of reactant in feed
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¢,(¢) = concentration of reactant of type { in discrete mixture
c(k, t) = concentration of reactant with reactivity k in continuous
mixture
c(k, 0) = concentration of reactant with reactivity k in feed
D(k)dk = number of species types with rate constants in (k, k + dk)
D(k) = reactant-type distribution function, Eq. §
f = function, Eq. 1
¥ - function, Eq. 8
i = reactant of type i
K, - adsorption constant, or bimolecular rate constant, Eq. 1
k, = rate constant for reactant of type i
k = rate constant used as a continuous variabie
K = constant, Eq. 27
U = dimensionless total concentration, U(t) = C(r)/C(0)
N = total number of reactant types
P, g4 = constants, Eqgs. 25, 26
t = time
u = function, Eq. 11
z = function, z(k) = c(k, 0)D(k)

Greek letters

a, § = constants, Eq. 25
8, T = parameter, Eq. 27
1, { = parameters, Eq. 26

A = parameter, Eq. 36

u, v = parameters, Eq. 31

¢ = parameter, Eq. 39
¥ = parameter, Eq. 48
I' = gamma function
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